Universality is a powerful concept that arises from the divergence of a characteristic length scale. For condensed matter systems, this length scale is typically the correlation length, which diverges at critical points separating two different phases. Few-particle systems exhibit a simpler form of universality when the s-wave scattering length diverges. A prominent example of universal phenomena is the emergence of an infinite tower of three-body bound states obeying discrete scale invariance, known as the Efimov effect, which has been subject to extensive research in chemical, atomic, nuclear and particle physics. In principle, these universal phenomena can also emerge in the excitation spectrum of condensed matter systems, such as quantum magnets [1] . However, the limited tunability of the effective inter-particle interaction relative to the kinetic energy has precluded so far their observation. Here we demonstrate that a high degree of magnetic-field-induced tunability can also be achieved in quantum magnets with strong spin-orbit coupling: a two-magnon resonance condition can be achieved in Yb2Ti2O7 with a field of ∼ 13 T along the [110] direction, which leads to the formation of Efimov states in the three-magnon spectrum of this material. Raman scattering experiments can reveal the field-induced two-magnon resonance, as well as the Efimov three-magnon bound states that emerge near the resonance condition. arXiv:2003.06738v1 [cond-mat.str-el] 
I. INTRODUCTION
The simplest example of universality arises in the vicinity of scattering resonances of few-body systems, where the low-energy physics is characterized solely by the swave scattering length a. One of the most prominent observations of universal phenomena at a → ∞ is the emergence of an infinite tower of three-body bound states obeying discrete scale invariance, known as the Efimov effect [2] :
with the universal scale factor λ = 22.6944. For the last five decades, this effect has been subject to extensive research in chemical, atomic, nuclear and particle physics [3] [4] [5] [6] [7] [8] [9] . However, Efimov states have been observed in very limited systems due to the requirement of proximity to a scattering resonance. Thus, tunability of inter-particle interactions are highly desired for their realization, which has only been achieved for atomic gases. As we will demonstrate here, this tunability can also be achieved in quantum magnets with strong spin-orbit coupling, which opens the possibility of studying and observing Efimov states in condensed matter systems. In general, the main obstacle for observing the universality in the vicinity of scattering resonances in condensed matter systems is their limited tunability in comparison to ultracold atoms, whose Feshbach resonances provide a way to vary a by applying a uniform magnetic field [10] . Among multiple uses, this tool has served to study the crossover between Bose-Einstein condensates (BECs) of fermionic molecules and the BCS regime of weakly interacting fermion-pairs in Fermi clouds [11] [12] [13] [14] [15] [16] [17] . For the BECs, Feshbach resonances have been used to study a variety of systems from the non-interacting ideal Bose gases to the unitary regime of interactions [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] . Is it then possible to find a counterpart of the Feshbach resonances in solid state physics?
In this paper, we provide an affirmative answer to this question by demonstrating that a uniform magnetic field can also be used to tune the s-wave scattering length for the collision between magnons of quantum magnets with strong spin-orbit coupling. This goal is achieved by tuning the effective magnon tunneling with the external magnetic field, while keeping the attractive magnonmagnon interaction practically unchanged. This tunability makes it possible to drive the system into its universal regime by approaching the resonance condition. This is enough to realize Efimov states in the three-magnon spectrum of quantum magnets, such as Yb 2 Ti 2 O 7 , as well as other consequences of the universality.
Similar to the case of atomic gases, an external magnetic field works as an effective chemical potential for the magnon modes of the fully polarized magnetic ground state that is induced above the saturation field [28] . A key observation here is that the chemical potential can be made inhomogeneous in magnets with strong spin-orbit coupling because the effective g-tensor of each magnetic ion depends strongly on the relative orientation between the external magnetic field and a local high-symmetry axis. This simple observation implies that the threedimensional lattices of magnetic ions can be decomposed into sublattices with different chemical potential for the excited magnons. As we will see for the particular case of Yb 2 Ti 2 O 7 , where the Yb 3+ cations form a pyrochlore lattice ( Fig. 1) , the lattice can be divided into two types of sublattices: the low-energy A sublattices with chemical potential µ A and the high-energy B sublattices with chemical potential µ B . Depending on the orientation of the magnetic field, these sublattices can either be chains (for H [110]) or 2D layers (for H [111] ). If the A and B sublattices form a bipartite structure (strong magnon tunneling t AB only exists between A and B sublattices), the effective magnon tunneling t AA between different lattice sites in low-energy sublattices can be continuously suppressed by increasing the energy difference |µ A − µ B | [ Fig. 1(d) ]. Given that this chemical potential difference is roughly proportional to the external field H ≡ |H| so that t AA ∼ t 2 AB /H, we can use the field to vary the tunneling of magnons. In this paper, we consider the fully polarized Yb 2 Ti 2 O 7 by H [110] where the lattice sites of Yb 3+ cations are split into such a bipartite structure as the sites in chains of sublattice 1 and 4 are in A, and those of sublattice 2 and 3 are in B. The magnon in A is then more stable than that in B because of the chemical potential difference due to finite H. We choose this field direction because the resonance condition (a → ∞) is found at an experimentally reachable magnetic field.
The structure of this paper is as follows. In Sec. II, we introduce the low-energy effective hard-core boson model derived from the effective spin model of Yb 2 Ti 2 O 7 . In addition, we describe the numerical calculation methods to solve the multimagnon problem. In Sec. III, we show the results of analytical and numerical calculations of the one-, two-, and three-magnon problems. We demonstrate that the magnon scattering length can be tuned with an external magnetic field producing a two-magnon resonance condition for a field strength of ∼ 13 T along the [110] direction. We also demonstrate that Efimov states emerge in the three-magnon sector near the two-magnon resonance condition. Finally, in Sec. IV, we summarize the main results and discuss their experimental realization. All technical details are presented in Appendices.
II. MODEL AND METHOD
A. Effective hard-core boson model Yb 2 Ti 2 O 7 comprises a pyrochlore lattice of magnetic Yb 3+ ions [ Fig. 1(a) ], whose low-energy degrees of freedom (doublets) are described by an effective spin 1/2 Hamiltonian [29, 30] : The spin 1/2 operators, S ν r (ν = x, y, or z, and S ± r = S x r ± iS y r ), are expressed in a sublattice dependent reference frame, whose local z-axis is parallel to the local [111] direction. The index α r = 1-4 indicates the sublattice of the site r, and rr indicates that the sum runs over the nearest-neighbor sites of the pyrochlore lattice. µ B is the Bohr magneton, and µ 0 is the permeability constant. γ αrα r and ζ αrα r are phase factors, and g αr is the g-tensor for sites in the sublattice α r (Appendix A). The model parameters (J zz , J ±± , J ± , J z± , g , and g ⊥ ) are set to the values estimated from a recent inelastic neutron scattering experiment of Yb 2 Ti 2 O 7 [31] . The effective spin 1/2 moments can be mapped into hard core bosons with creation and annihilation operators a † r and a r , re-spectively [32] . By choosing the local quantization axis to be parallel to the ordered moment, the exact mapping leads to a hard-core boson model with no linear terms in the creation or annihilation operators (Appendix B). The Zeeman term dominant for relatively high fields (µ 0 H |J zz |, |J ± |, |J ±± |, |J z± |) becomes a sublattice dependent chemical potential term in the hard-core boson language, with |µ α | being roughly proportional to H. In particular, the difference between µ 1 = µ 4 and µ 2 = µ 3 increases in proportion to H because of the strongly anisotropic g-tensor that arises from a combination of strong spin-orbit coupling and the crystal field of the Yb cation. The energy scale of all the other Hamiltonian terms is much smaller than |µ α | and |µ 1 − µ 2 | for high enough fields. Thus, we will regard the chemical potential (Zeeman) terms as the unperturbed Hamiltonian and we will treat the rest as perturbation.
By applying degenerate perturbation theory (Appendix C), we obtain an effective low-energy Hamiltonian for bosons on the chains 1 and 4 that conserves the particle number:
where t ⊥ = t ⊥ and u ⊥ = −u ⊥ . µ is the chemical potential including the second order correction, the following four hopping terms represent the kinetic energy, and the rest of the terms are multi-body interactions. The brackets rr , rr , rr ⊥ , and rr ⊥ indicate that the sums run over intrachain nearest-neighbors (n.n.), intrachain next n.n., interchain n.n., and interchain next n.n. separated by a site on sublattices 2 or 3, respectively [ Figs. 1(a) and 1(b) ]. The brackets r 1 r 2 r 3 and r 1 r 2 r 3 r 4 indicate that the corresponding sums run over all possible combinations of consecutive three and four sites, respectively [ Fig. 1(b) ]. Figure 2 shows the field dependence of the parameters of H eff in the field range of µ 0 H = 10-40 T where the energy scale of µ is larger than those of the other parameters by one order of magnitude. While all the hopping amplitudes have a strong field dependence, the dominant attractive interaction u remains practically t (meV) the same within this field range. This behavior resembles the case of ultracold atomic gases trapped in a periodic optical lattice, where the hopping amplitude is controlled by tuning the depth of the periodic potential [33] . In our case, however, the strong field dependence of t and t ⊥ is caused by a different mechanism: the amplitude of the magnon tunneling via the "high-energy" sublattices 2 or 3 is inversely proportional to the energy barrier µ 1 − µ 2 .
While the hopping amplitudes are comparable to each other, the interactions u , v 2 , and w are much smaller than the other interactions in the field range of µ 0 H = 10-40 T. We will then ignore these three interactions hereafter to reduce the computational cost of solving the two-body and three-body problems. Our exact diagonalization results for H eff on a cluster of 2×12 3 sites confirm that these interactions have indeed a negligible effect.
B. Numerical calculation methods for multimagnon problems
We numerically analyze multimagnon problems using the effective hard-core boson model, in which the number of magnons is conserved. The eigenvalues and the eigenstates of the two-and three-magnon sectors of the Hamiltonian (3) are obtained from exact diagonalization on finite lattices and from a numerical solution of the Lippmann-Schwinger equation. In the exact diagonalization method, we use the Krylov-Shur algorithm (library SLEPc [34] ) to compute the lowest energy state in each sector. The advantage of the exact diagonalization method is its simpler implementation. The calculations are performed with lattices of linear size L ≤ 72 and L ≤ 18 for the two-and three-magnon bound states, respectively. It is confirmed that these linear sizes are large enough for the accurate estimates of the s-wave scattering length and the binding energies of the two-magnon bound state and the lowest three-magnon bound state. The binding energy of the latter is well converged with respect to the system size, because its linear size is as small as a few lattice spacings. On the other hand, the same is not true for the first excited three-magnon bound state, because its linear size is larger and comparable to the maximum system size that can be reached with the state of the art exact diagonalization method. However, its binding energy can still be computed by solving the Lippmann-Schwinger equation with the Gaussian quadrature rule for the numerical integrations in momentum space.
For the solution of the Lippmann-Schwinger equation, we consider essentially the same linear integral equations that were introduced in Ref. [1] for the case of the simple cubic lattice. However, the number of equations increases from 2 to 24 because of the multiple sublattice structure of the pyrochlore lattice. Detailed derivations of the Lippmann-Schwinger equations for the two-and three-magnon sectors are given in the Appendix D.
III. RESULTS

A. Single-magnon spectrum
The single-magnon dispersion is obtained by diagonalizing the one-body component (first five terms) of H eff (Appendix D 2). For t , t , t ⊥ < 0, the lower branch of the spectrum E − (k) has a minimum at k = 0 where k = (k 1 G 1 + k 2 G 2 + k 3 G 3 ) /2π with the reciprocal lattice vectors, G 1-3 , for the primitive vectors, a 1-3 , shown in Fig. 1(a) . In the long wavelength limit, |k| 1, we find where
The effective masses m z and m x correspond to the [110] and the G 1,2 (⊥ [110]) directions, respectively. Therefore, the low-energy physics of Yb 2 Ti 2 O 7 is described by bosons in continuous space with the anisotropic mass tensor. Two-and three-magnon binding energies discussed below are measured from the bottoms of two-and threemagnon continua at E = 2E − (0) and 3E − (0), respectively.
B. Two-magnon resonance
The low-energy scattering of magnons is parametrized by the s-wave scattering length a, which can be extracted by solving the two-magnon problem (Appendix D 3). Because of the field dependence of the parameters of H eff , a also varies with the magnetic field. Figure 3 shows the field dependence of a, establishing its magnetic-fieldinduced tunability. In particular, we find the divergent behavior of a at µ 0 H c = 12.91 T, which corresponds to the two-magnon resonance condition and signals the onset of a two-magnon bound state for H > H c . The green line in Fig. 4 then shows the field dependence of the two-magnon binding energy that is obtained from the exact diagonalization of H eff . As expected from the universality, the binding energy vanishes as 1/(m z a 2 ) upon approaching H c .
C. Three-magnon Efimov states
The exact diagonalization method is also applied to the three-magnon problem to compute the binding energies of the three-magnon bound states. Since the two-magnon bound state emerges for H > H c , the lower threshold of the continuum is set by an eigenstate consisting of a two-magnon bound state or "bimagnon" plus a single magnon. Out of the few three-magnon bound states that appear below this threshold, we can identify two branches of s-wave bound states, labeled by n = 0 and n = 1, as well as a branch of p-wave bound states. The formers are candidates for the Efimov states, while the latter is not. The binding energy of the lowest (n = 0) three-magnon bound state is shown in Fig. 4 . The binding energy of the n = 1 state is not shown there because it is too shallow and hard to distinguish from the two-magnon binding energy (green line).
We then focus on the s-wave three-magnon bound states (n = 0 and n = 1) at the resonance condition µ 0 H = 12.91 T. Our numerical solutions of the Lippmann-Schwinger equation (Appendix D 4) produce well converged binding energies for the n = 0 and 1 states,
and the square root of their ratio is
This value deviates from the universal value λ = 22.6944, for n → ∞, because the linear size of the n = 0 state is comparable to the lattice spacing and lattice effects introduce a significant correction to its universal character. Similar deviations have been reported for the ratio E 0 /E 1 obtained with a simpler spin Hamiltonian on a cubic lattice [1] , where the ratios E n /E n+1 for n = 1, 2 are also computed and found to follow the universal value. Due to numerical limitations, we only have access to the n = 0 and n = 1 states. Consequently, to identify the Efimov character of each n state, we are led to compare its wave function with the universal wave function of the Efimov state.
It is convenient to express the three-magnon wave function in mixed representation, ψ m (r; k), where r is the relative coordinate of two magnons and k is the relative momentum of the third magnon with respect to the center-of-mass of the other two. m ≡ (m 1 , m 2 , m 3 ) and m j = +, − corresponding to α = 4, 1, respectively, identifies the sublattice in which the jth magnon resides. The center-of-mass momentum is set to zero because we are interested in the low-energy physics of the system. The three-magnon wave function is obtained by solving the Lippmann-Schwinger equation (Appendix D 4) . To compare the resulting wave functions against the universal theory, we express them in terms of the rescaled wave vector k introduced in Eq. (4). Here the effective masses of m −1 z 0.0399 meV and m −1 x = 0.0425 meV for µ 0 H = 12.91 T are used.
The wave functions of Efimov states obey,
for |r| 1 and |k| 1 (Appendix E). Here the lattice spacing is adopted as the unit of length, f (z) with s 0 = 1.00624 is the universal function [35] , and κ −1 n = 1/ √ m z E n is a characteristic linear size of the nth bound state:
The wave function in Eq. (8) is normalized to satisfy ψ m (r; k min ) = f (0) = 1, where |k min | ≈ 0 is the smallest wave number. By comparing the expression on the left hand side of Eq. (8) for the n = 0 and n = 1 states against the universal function, we can quantify the Efimov character of each state. The comparison shown in Fig. 5 reveals that, although the n = 0 state may not, the n = 1 state is indeed the Efimov state, as it is evidenced by the excellent agreement in the long wavelength region (|k| < 1).
IV. SUMMARY AND DISCUSSIONS
In this paper, we predict that the magnetic field acts as a knob to tune the s-wave scattering length of magnons in Yb 2 Ti 2 O 7 . Thus, the field plays the same role as in the Feshbach resonances of ultracold atomic gases. A two-magnon resonance condition is achieved at an experimentally reachable magnetic field strength of ∼13 T along the [110] direction, where the scattering length diverges and the binding transition occurs. As in the case of atomic gases, Efimov states are expected to emerge near this field value. Indeed, our calculations reveal a couple of three-magnon bound states with the s-wave wave function just below the three-magnon continuum of the excitation spectrum. While the ground state (n = 0) exhibits some deviations from the universal character due to lattice effects, the first excited state (n = 1) is indeed an Efimov state.
The results presented in this work are based on the Hamiltonian parameters of Yb 2 Ti 2 O 7 reported in Ref. [31] . Other experimental works [36, 37] report larger values of J zz , while the other parameters are almost the same. The resulting critical fields for the two-magnon resonance condition are Ref. [36] : µ 0 H c = 11.81 T, Ref. [37] : µ 0 H c = 11.48 T. Yb 2 Ge 2 O 7 is another candidate material, whose Hamiltonian parameters have been recently reported [38] . In this case, the two-magnon resonance is achieved at Ref. [38] : µ 0 H c = 14.80 T.
In all cases, the two-magnon resonance condition is achieved for experimentally reachable magnetic field values along the [110] direction. Raman scattering is the ideal technique for observing two-magnon bound states [39, 40] . This technique can thus be used to verify the resonance condition at H = H c . Moreover, three-magnon bound states are also observable via Raman spectroscopy because of the number non-conserved term proportional to n r a † r in the hard core boson model (Appendix B), which has its roots in the J z± , J ±± , and J ± terms of H spin . However, the intensity of the corresponding absorption is smaller than the one for the two-magnon bound states by a factor of order (J/H) 2 , where J represents the energy scale of J z± , J ±± , or J ± . Neutron scattering can also be used to observe the twomagnon and three-magnon bound states [41, 42] . However, the corresponding intensity is weak in both cases because it arises from the small hybridization of these bound states with the single-magnon state. − r µ αr n r + U r n r (n r − 1). Sublattice structure of pyrochlore lattice and model parameters forHspin. (a)-(e) Field dependence of the model parameters ofHspin obtained by applying a local rotation to the spin Hamiltonian Hspin of Yb2Ti2O7. Note that the following relation equations hold: µ1 = µ4, µ2 = µ3, t12 = t13 = t24 = t34, V12 = V13 = V24 = V34, A ++ 12 = A ++ 24 , A ++ 13 = A ++ 34 , A n+ 12 = −A +n 24 , A n+ 13 = −A +n 34 , A n+ 14 = −A +n 14 , A n+ 24 = −A +n 12 , and A n+ 34 = −A +n 13 . Inset of (a) shows schematic view of the pyrochlore lattice with sublattice indices 1-4.
The on-site repulsion U = ∞ enforces the hard-core constraint, while the other model parameters µ α , t αα , V αα , A ++ αα , A n+ αα , and A +n αα depend on the external field H. We note that the choicez α m α eliminates all the linear terms in a r and a † r fromH spin . Figure 6 shows the field dependence of the parameters ofH spin that are obtained for the exchange matrix and the g-tensor that have been reported for Yb 2 Ti 2 O 7 [31] . Through a proper U (1) gauge transformation, a r → a r e iθr , it is possible to make all the parameters t αrα r real, except for t 23 , and, in addition, t 12 = t 42 = t 31 = t 34 < 0 and t 14 < 0. ,
where is the distance between nearest-neighbor Yb cation pairs. We take as the unit of length. For a finite lattice of (2 × L 3 )-sites with even L, the wave vectors in the first Brillouin zone are given by
The summation over k becomes an integral in the infinite volume limit L → ∞:
The integration over the first Brillouin zone is redefined by shifting the wave vector k:
with
Eδ m 1 m 1 δ m 2 m 2 − ε k1m 1 m 1 δ m 2 m 2 − ε k2m 2 m 2 δ m 1 m 1 Ψ m 1 m 2 (k 1 , k 2 ) − δ k10 δ k20 φ m 1 m 2 L 3 = 1 L 3 k 2 e,e e −i(k2·e−k 2 ·e ) u m1m2 ee + e −i{k1·e−(k1+k2−k 2 )·e } u m2m1 ee Ψ m 1 m 2 (k 1 + k 2 − k 2 , k 2 ),
where m e = m e is always satisfied for finite u mm ee . φ m 1 m 2 represents the two-magnon eigenstate of the noninteracting problem with eigenvalue 2E 0 in momentum space,
that has a simple solution, φ m1m2 = 1/2 ∀(m 1 , m 2 ), for k 1 = k 2 = 0. We only consider states with zero center-ofmass momentum and impose the ansatzΨ mm (k 1 , k 2 ) = δ k1 −k2ψmm (k 2 ), which is symmetric under an exchange of two bosons:ψ mm (k) =ψ m m (−k). The unknown functionsψ mm (k) satisfy the Lippmann-Schwinger equation: 
where I and A(E) are 12 by 12 matrices; I νν = δ νν (1 − δ ν11 − δ ν12 ), and components of A(E) are integrals over k-space. The integration in Eq. (D22) is performed by applying the Gaussian quadrature rule to discretize kintegrals. It is worth noting that u ±± 00 ψ ±± (0) is finite for the self-consistent solution, while ψ ±± (0) = 0 because of u ±± 00 = ∞. The substitution of the obtained ψ to Eq. (D22) provides the wave function for the two-magnon scattering. The value of a is extracted from the wave function by multiplying both sides of Eq. (D22) by φ * m1m2 and taking the sum over m 1 and m 2 : 
The second line is obtained from the first one by using φ m1m2 = 1/2. Finally, for the two-magnon bound states, we set E < 2E 0 and φ m1m2 = 0 in Eq. (D22). Then, we can obtain the two-magnon bound state energy E by numerically solving det [I − A(E)] = 0 instead of Eq. (D23). Its binding energy is provided by ∆ = E − 2E 0 .
Three-magnon problem
The Lippmann-Schwinger equation for the threemagnon problem is derived in the same way as in the previous cases. We introduce the real space representation of the three-magnon wave function and its Fourier transform, Ψ(r 1 , r 2 , r 3 ) = ∅|a r3 a r2 a r1 |Ψ , 
with m = (m 1 , m 2 , m 3 ). Note that the zero center-ofmass momentum condition, k 1 + k 2 + k 3 = 0, and the exchange symmetry of bosons are imposed in the above transformation. In this way, we obtain a linear set of equations for the three-magnon problem: where p is the momentum corresponding to k in Eq. (4) and the wave functionφ(p) ∝ dR dr e −ip·r φ(R − r/2, R − r/2, R + r/2) corresponds to ψ m (e; k) in Eq. (8) of the main text. By setting E ≡ − κ 2 m andφ(p) =φ(p = |p|), we obtain
In the unitary limit a → ∞, the nth bound state solution is given by lim n→∞ κ n = κ * λ n with lim n→∞φ n (p) = is the universal function plotted in Fig. 9 [35] . The constant s 0 = 1.00624 solves 8 √ 3s 0 sinh π 6 s 0 cosh π 2 s 0 = 1.
In Fig. 5 of the main text, we demonstrate that the universal function f (z) well describes the three-magnon wave functions especially for the n = 1 state. Figure Wave functions of the two lowest three-magnon bound states at the critical field µ0Hc = 12.91 T. The universal function f (z) and the numerical solutions for (a) the ground state (n = 0) and for (b) the first excited state (n = 1) are compared as functions of the rescaled wave number z = 3/4|k|/κn normalized by κn for each n. All the calculated 24 functions are grouped into three categories, I, II, and III, and the common symbols are used for each group as shown in the legend. The gray shaded regions indicate the nonuniversal regime (|k| > 1). In addition to the category II presented in Fig. 5 , the wave functions of categories I and III are also plotted in Fig. 10 . All the wave functions show good agreement with the universal function especially for the n = 1 state.
